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SUMMARY

The indicial 1ift and moment functions are determined approximately
for sinking and pitching motion at Mach numbers M of 0.5 and 0.6.
These functions are determined from a -knowledge of the existing oscil-
latory coefficients at the low reduced frequencies and from approximate
expressions of these coefficients at the high reduced frequencies.

The beginning portion of the indicial 1lift function associated
with an airfoil penetrating a sharp-edge gust in subsonic flow is
evaluated by use of an exact method. By use of an approximate method
for determining the remaining portion, the complete indicial gust func-
tion is determined for M = 0.5, M = 0.6, and M = 0.7T.

All the indicial 1ift and moment functions are approximated by an
exponential series; the coefficilents which appear in the exponentisl
approximations for each indicial function are tabulated for M = 0.5,

= 0.6, and M = 0.T.

INTRODUCTION

In the study of transient flows, two types of airfoil motions have
had special significance - a harmonically oscillating airfoil and an
airfoill experiencing a sudden change in angle of attack. The 1lift and
moment functions for an airfoll experiencing a sudden change in angle
of attack are commonly referred to as indicial 1ift and moment func-
tions. 1In references 1 and 2 the indicial 1ift and moment functions
of a two-dlmensional airfoil for sinking and pitching motion in a sub-
sonic compressible flow are presented for M = 0.7. The functions are
determined from the reciprocal relstions between the indicisl functions
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and the oscillatory coefficients. Examination of the oscillatory coef-
Ticients calculated by Dietze, Schade, and Possio (see, for example,
refs. 3, 4, and 5) indicates that data are not available over a suffi-
cient range of reduced frequencies for the direct utilization of this
method to determine the indicial 1lift functions at -other subsonic Mach
numbers. : '

The indicial functions for M = 0.8 have béen evaluated by Lomax,
Heaslet; and Sluder, in reference 6, employing an alternate method
applicable for both subsonic and supersonic Mach numbers, The alter- .
nate method for subsonic Mach numbers is characterized by an exact,
readily evaluated expression for the beginning portion of the indicial
functions and an approximete expression- for the remaining portion. The
golution for the remaining portion of the indiclal function is lengthy
and tedlous, and, consequently, an alternate approach is used.in the
present paper to calculate this portion of the indiciel functions.

In the present paper indicial functions for M = 0.5 and M= 0.6
are obtained in approximate form for an extensive range of airfoil
travel. The beginning portions of the indicial functions are calcu-’
lated by the method of reference 6. The difficulties of calculating
the remaining portions of the indicisgl functions by the method of -
reference 6 are avoided by approximeting the missing portions of the
oscillatory coefficients of references 3 and 4 so that the method of
references 1 and 2 could be used. The approximation is made in terms
of the initial parts of the indicial functions end the known parts of _
the oscillatory coefficlents. An estimate of the reliability of the
indicial functions is &lso presented.

During the last stage of preparing the paper, it was found that
Timman, Van de Vooren, and Greidanus have computed the oscillatory
coefficients in terms of known functions for Mach numbers 0.35, 0.5,
0.6, 0.7, and 0.8 and for reduced frequenciés ranging from 0.1 to 3.0
(see ref. T). A discussion of the effects of differences between the
data of reference T and that of the present investigation on the results
of the calculations 1s included.

SYMBOLS -
8 distance traveled, half-chords
w .. angular frequency
v forwafd veloclty of airfoll

c . chord
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Xy2,8,1

k

L(s)

M(s)

k; (s)

ml(s)

qu(s)

Cartesian coordinates
reduced-frequency parameter, mc/EV

highest reduced .frequency for which oscillatory
coefficients are known

value of reduced frequency where maximum error in
approximated oscillatory coefficients occurs

error in oscillatory coefficients at infinite reduced
frequency

maximum error in oscillatory coefficlents for
region k¥ > 1

section 1lift, positive in downward direction

section pitching moment about quarter-chord point,
pogitive when moment tends to depress trailing
edge

density

amplitude of vertical or sinking displacement,
positive downward, half-chords

angle of pitch, positive when trailing edge is
lower than leading edge

rate of change of angle of pitch with respect to
distance traveled in half-chords, positive when
trailing edge is falling with reference to leading
edge . _

indicial 1ift function for a two-dimensional air-
foil experiencing a sudden change in vertical
velocity

indicial moment function for a two-dimensional air-
foll experiencing a sudden change in vertical
velocity where moment is taken about gquarter-
chord point

indicial 1ift function for a two-dimensional air-
foll experiencing a sudden change in pitching
velocity about its leading edge
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M Mach number
Cp pressure coefficient -~ y S T T Teen, 2K
mlq(s) . _ indicial moment function for a two-dimensionsl air-

foil experiencing a sudden change ‘in pitching = . _"“f' -
velocity about its leading edge, moment taken o :
about quarter-chord point . S

U "~ 7 velocity of sharp-edge gust - . Lo

kg(s) » . 1ndiciel 1ift function for a two-dimensional air- - - j%:’

foil due to penetration of a sharp-edge gust

Fo(k) + iG. (k) A complex compressible odcillatory lift derivative
due to sinking velocity

M(k) + iN(k) - - complex compressible oscillatory moment derlvative
due to sinking velocity

Fo (k) + iGe (k) complex compressible oscillatory 1lift derivative
4 ' 4 due to pitching velocity only

M,(k) + iN,(k) complex compressible oscillatory moment derivative -
] q I
due to pitching velocity only a 5
£(k) = Fo(k) - Fo(w) ST -
m(k) = M(k) - M(w)
£q(k) = Fe (k) - Fe () . | : A
mg (k) = Mg (k) - Mg(w)
Oy sBpsen by - constants in exponential approximations L -
A,B S constants defined by equations (13) and (1k)
b4
Subscript: '

3c/4 for airfoil rotating about thrée-quarter-chord point

1>
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METHOD OF ANALYSIS :

The indicial functions are determined in two parts. In the region

0S5 S {2l readily determined indicial functions given in refer-

ence 6 are used. For the region s > the relatively more dif-

M
1+ M
ficult method of reference 6 is avoided by an alternate approach which
utilizes the reciprocal relations between the indicial and the oscil-
latory functions given in references 1 and 2. Before these relations
could be applied at M = 0.5 and M = 0.6, it was necessary to deter-
mine the unknown oscillatory coefficients at the high reduced frequen-
cies, k > 1. Approximate expressions for these coefficlents are )
obtainable by combining the existing data for the oscillatory coeffi-
cients at the low reduced frequencies, O k< 1, with the indicial
functions for the region 0 £s £ 12§ M
relations. The reciprocal relations are then used to obtain the
remaining portion of the indicial functioms.

through the use of reciprocal

The following procedure was used to determine the oscillatory coef-
ficients at the high reduced frequencies: The reciprocal relation
between the indicial 1ift function due to sinking velocity and the in-
phase oscillatory lift coefficient is (see eq. (14) of ref. 1)

k1(s) = Fo(w) + %fo %iik—s dk (s > 0) (1a)

or alternstely,

® £(x)sin ks 0 £(k)sin ks -
»/-ko—i;l—dk=%kl(s)-gf'c(°°)-‘;/‘o —%dk (1p)

where f(k) =F. (k) - Fe(=).

In equation (1b) values of k;(s) are known from the method of
reference 6 for 0 <8 £ T~ Tbe value of F.(») which has been

shown in reference 1 to correspond to the value of ki(s) at s =0
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is, consequently, also known. The oscillatory coefficient f(k) 1is . L
considered. known for the range of reduced freguencies 0 £ k S ko. _ T
Thus, the right-hand side of equation (1b) is known for values of. 7

0S8 § o Inthe region ko <k<w f(k) is ummownand fs . - %

to be determined.

A solution for. f(k) in the region kg < k < » can-be expressed . - . .-
by a finite convergent series with unknown coefficients. Definition
of these coefficients is possible by & simultaneocus solution of a set T
of algebraic equations. The set of equations is formulated by sub- -
stituting the finite series-for f£(k) (together with appropriate R I
boundary conditions) in the integral on the left side of equation (lb)

This integral is evaluated to obtain an algebraic.expression in terms

of the unknown series coefficients and the variable s.- Each simul- _ S
taneous equation in the set 1s then obtained by assigning to the e T
variable .s & value selected in the range where kj(s) is known.
The number of these equations should correspond to the number. of
series coefficients to be determined. The set of equations is-then

gsolved simultaneously for the series coefficients in the approximation
for f(k).

R R IR

The accuracy of the approximate solution for f£(k) depends on : R
the range of 8 over which kj(s) is known; the value of kg, and i T
the number of terms in the series. The error introduced by a finite R,
series for f£(k) is minimized by the fact that the oscillatory coef- .. .. .7 &
ficient for the higher reduced frequencies is associated primarily ' o
with the initial portion of the indicisl function which is known.

Once the approximate expression for f(k)_ is determined at the
. high reduced frequencies, k >1, this expression and the oscillatory L
coefficients at the low reduced frequencies, ~0 <k <1, can be sub- = T

stituted into equation (la) to determine kj(s) for values of

S > 2M .. o A . .- . .. N _ : _-:-
l1+M

The same over-gll method may be used for determining the indicisl
moment on a sinking sirfoil as well as the indiclal 1ift and moment e
functions for a pitching airfoil. The reciprocal relation used for. . B
approximating the oscillatory moment coefficients at the high reduced . ;
frequencies due to sinking motion is as follows: ' T

my(s) = M(=) + %k/;? ELEJE%E—EE ak (s > 0) (2)



NACA TN 2739 o : T

where m(k) is defined
m(k) = M(k) - M()

For the case of a pitching airfoil, it was shown in reference 2 that
the only additional indicial function that need be considered is the
one associated with the pitching velocity of the airfoil. The recip-
rocal relations used in this analysis for determining the oscillatory
lift and moment coefficients at the high reduced frequencies as well as
the complete indicial functions for the case of pitching velocity are,
for the 1lift,

® fq(k)sin ks :
kg, (6) = To (=) + %fo Idetn 2 oy (550 (3)
where
£, = ch(k) - Fey(w) ()

and, for the moment,

mp (8) = Mg(=) + %j; w dk - .(s >0) (5)

where

mg (k) = M (k) - Mg() (6)

For convenience, a summary of the reciprocal relations for lift and
moment due to both sinking and pitching motion is given in table T
together with the definition of the functions appearing in the
reciprocal relations.
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AVATLABLE OSCILIATORY COEFFICIENTS AND THEIR APPROXIMATION

AT HIGH REDUCED FREQUENCIES ' NS

Summary of avallable-oscillatory coefficilents- at M = 0.5 and
M =-0.6.~ The two-dimensional compressible ogcillatory coefficients
for the real and imaginary parts of the 1lift. and momeht for sinking
and pitching motion are given in table II.for M = 0.5 and M = 0.6.

The results given in table II were taken from two sources (see refs. 3

and 4) and have been converted to the form given by the equations
noted in the last column of table I for the 1ift and moment. The
range of reduced frequencies taken from each source is indicated in
table IT. Expressions for the end points of. the oscillatory coeffi-
cients, that is, for k=0 and k = o, were determined from the
expressions given in references 1 and 2. : '

" Expreéssions for indicial 1ift and moment functions in region {;

0<s §_igﬁe—.-_The expressions for the indicial 1ift and moment func- =~ -

+ M - . . - PR . _— . - -
tions due to sinking and pitching motion that are given .in reference 6

for the region 0 S s < _2M have been convérted to the notation
+ .

used -in this paper and are as follows:

ky(s) = Tt%f[l - —E’Qﬁ(l -M)] | | (7) |
my(s) = - ',%q[]]f - (L - M) - i—%(_e" M)] (8)
k1 (s) = 2+ B Eg‘ M - ”-
1406) = j1 - (1 -0 + 220 - 1) (9)
g2

my (s) = - (2 - 380 - m) + (2 - 6n {;3&?) +-—s-3'—3'[%(;_- w3 + MJ}

3oM2 | 1oM 2

" (10)
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Approximation of oscillatory coefficients at high reduced fre-
quencies.- The following series was assumed as an approximate expres-
sion for f(k) in the range kg £ k E «:

P(e) = 0 agkemlEF0) @)

n=2

where an and a, are the unknown coefficients to be determined for

f(k) at a given Mach number. Although several forms of series could
be used to express f(k), this form was found to be the most convenient

for purposes of integration. Note that equation (11) satisfies the
condition that

lim £(k) = lim |Fa(k) = Fu(w)|= O 12
= k%[cu e ()] | (12)

Two boundary conditions which require the approximate solution _
. for f£(k) in the region kj SkSo to Join the known value at k = ko
continuously in magnitude and slope are ' ' '

3
, f(k
[—ik—)] =A (13)
e,
d[f(k)] L
Lk 2 = B ) _ (k)
dk
k=kq
These two conditions are used to reduce the number of unknowns in
equation (11). Substitution of these two conditions into equation (11)
leads to the following exprgssions for the coefficients aj; and an:
B +
a = ____fEﬁi (15)
ap = ] o
and
- ‘ A
ap, = JA + 3B - (16)

CI,l-'CIQ
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If the expression for f(k) given by equation (1l) is substituted

into the left-hand side of equation (1b) and if the values of aj and

ap are replaced by the ekpressions given by equations (15) and (16),
then two expressions from which a3 and qp can be evaluated are

obtained. For the case M = 0.5 and M = 0.6, the value of kp is
unity, and the two desired expressions are

B + Aap 83 abs 81 + a1 sin sy . ajA + B 8] cos 87 + a, 8in 8y
b = o OLl2 + 312 : al - a2 . g2 + 872

and

B + Ao, 8p cos 8o + ap-sin 8o . A + B 85 cos 8y + ap 8in s,

-9 R e T
1 £(k)sin ks ;

where a3 and a, are numbers greater than zero, and s; and sp
are gregter than zero but less than or equal to

1+ M

A’ simultaneous solution of the nonlinear equations (172) and (17b)
In some cases only an approximate solution for .“l and ap could be 1'

obtained. In these Instances, values for o and ap Were selected
such that. the magnitudes of error incurred in the indicial function
were equal at the points 8 and s,. For the case of M = 0.5, values
of 87 = 0.10n and 8 = .0.20%t  were chosen and, for M = 0.6,

O 12x and s, = 0.23n were chosen. Both of these ‘values are
M

within the limits 0 S<s £

and are approxﬁmately equally spaced

T
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Values for the constants aj; and ap could then be determined from
equations (15) and (16). In table III values for the constants a1,

ap, aj, and ap Wwhich appear in the exponential approximation
(eq. (11)) are summarized for the lift and moment due to both sinking
and pitching motion.

RESULTS AND DISCUSSION

Determination of indicial functions.- With the coefficients in -~
equation (11) determined for the 1ift and moment oscillatory. coeffli-
cilents due to both sinking and pitching motion, the indicial functions
ki(s), m(s), qu(s), and mlq(s) were evaluated over the range

8 >’i€%?73' for M= 0.5 and M = 0.6 by the methods of references 1
and 2. These results and corresponding functions calculated by the

method of reference 6 for 0< s < are shown, respéctively, in

M
=1l+M
figures 1, 2, 3, and 4 together with the results for M = 0.7, obtained
from references 1 and 2. Also included is the function for incompressi-
ble flow obtained by Wagner. The indicial 1lift and moment functions due
to pitching velocity for the sirfoil rotating about the three-quarter- L
chord point are shown in figures 5 and 6. For incompressible flow, .
the 1ift and moment are Impulsive at s = O and constant thereafter;
however, for compressible flow, the lift and moment are finite and
time-dependent and approach a constant value very rapidly. Comparison
of the indicial 1ift functions due to both sinking and pitching _ _
velocities for subsonic Mach numbers, figures 1 and 3, indicates that
as the subsonic Mach number increases the 1lift at s = 0 becomes less
and, for s equal to more than approximately two half-chords, the
growth of 1lift to the steady state becomes less rapid. For the case
of the moments about the quarter-chord point due to sinking and
pitching motion, it is similarly seen from figures 2 and 4 that while
the moments are Impulsive at zero for incompressible flow the moments
are finite and their values decrease with increasing-Mach number for .
compressible flow. Although the moments for s > O are constant for R
incompressible flow, a time-dependent moment which rapidly approaches o
a constant exists for compressible flow where the rapidity of approach .
decreases with increasing Mach number. '

Considerations for indicial 1ift due to penetration of a sharp-edge
gust.~ In references 1 and 6 it was shown that the indicial 1ift func-

tion kl(s) for the region s > is associated primarily with

1-M
the 1ift due to circulation only. As a consequence, an approximation
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for the indicial 1ift function kg(s) due to penetration of a sharp-_ T
edge gust in this region can be determined on the basis of the’ relation- e
ship that exists between the two indicial 1ift functions kl(s) and .

k2(s for the circulatory portion of the lift for 1ncompressible flow )
In reference 1 thé function kp(s) is determined for the region A
s > on the basis of this relationship for M = 0.7. However,

no information concerning the beginning portion of this function 1s
avallable at present,

I IR

A method for determining an explicit expression for this function

is possible from an extension of the T Ll

in the region O < 8. <

=1+M - : :
analysis given in reference 6 where the boundary conditions for the . C
perturbation velocity due to the penetration of a gust can be sub- T T

stituted for the perturbation velocity due to sinking motion. Details
of the evaluation of the function k2(s for this region are given in

appendix A. The expression obtained. for this function is relatively _
simple as can be seen from the followlng equation:

-85 . f(o<s <2t o

kp(s) e @=B=1+M> (18)

f

wvhere kg(s) is defined such that the 1ift on the airfoil is ~€_--+%
L(s) = -mocVUkp(s) a9

M _ <4 < M
1+M° l1-M.
be determined from an extension of the results given in reference 6._

An explicit expression cannot be easily obtained because of the com- - - i
plexity of the downwash regions that must be considered. Since the R
penetration function is known everywhere except in the region T T

The gust function ko(s) for the region can -

T S8 § 7 & reasOnsble estimate of the curve may be obtained
by joining the ends of the two solutions,at the points _12M

+ M
M by a smooth curve. AL
1-M S . L . . L I

and

In figure T, the indicial 1ift functions due to penetration of a oo
sharp-edge gust are shown for M = 0.5, M= 0.6, and M = 0.7 for an ST
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extensive range of airfoil travel. Also shown is the solution for M =0
obtained by Kissnér. Inspection of figure 7 indicates that not only is
the growth of 1ift to the steady state less rapid as the subsonic Mach
number is increased but also the magnitude of lift in the beginning
portion 1s less.

Approximation of indicial functions by analytic expressions.- Since
the exponential function has a simple operational equivalent and a series
of such functions has been found convenient for approximating kl(s) at
M=0 and M=0.7, a finite sum of exponential terms was chosen to
approximete the indicigl 1ift and moment functions for sinking and
pitching motion at M = 0.5 and M = 0.6 as follows:

bo +_'ble-Blls + bee_B2s + b3e—'B3s (20)

In table IV values for these constants are given for the 1lift and
moment due to sinking motion as well as for the lift and moment due to
pitching motion about the three-quarter-chord point. The constants
are noted for M = 0.5 and M = 0.6 together with those for M = 0.7
from reference 2. In reference 8 the constants are given for incom-
pressible flow. Plots of these exponential approximations are shown
in figures 1, 2, 5, and 6. Comparison of the approximations with the
actual curves in these figures indicates good agreement.

The exponential approximation given by equation (20) was also
found to be convenient for fitting the indicisl 1ift functions ke(s)
due to penetration of a sharp-edge gust shown in figure 7. In table IV
the constants required for fitting the ko(s) function at M = 0.5,
M=0.6, and M= 0.7 for use in equation (20) are given. In refer-
ence 8 the constants for this indicial function are given for incom-
pressible flow. Comparison of these approximstions with the derived
curves (see fig. 7) indicates excellent agreement. ’

Approximation of oscillatory coefficients by analytic expressions.-
The corresponding approximate expressions for the harmonically oscil-
lating airfoil can be found from equation (20) and an alternate form of
the reciprocal equations. For the case of the lift due to sinking
motion, the reciprocal equation is

[o]

Fo(k) + G (k) = ikf ky (s)e 158 gg __ (21)
0
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Substitution of the approximation for kj(s) given by equation (20)
leads to the following expressions for F.(k) and Gc(k)

bk b2k2*' b3k2
F.(k) = bg + —
Bl + k2 B2 + kE B3 + k2'
> (22)
byBk boBpk  .bsBsk
Ge(k) 5 *— 5+ =3 5 _
B2 + K2 Bp” + K= B3+ k y

In & similar fashion, expressions for the moment functions M(k) and
N(k) can be obtained in the form given by equation (22) as well as
for the 1lift functions due to pitching velocity about the three-
quarter-chord point CFCQ)3 /h(k) and C}Cq>3c/ﬁ(k) and the moment

functions (Mﬁ 3c/h(k) and - (Nq)3c/u(k) The transfer of these coef- .

ficiente from the leading edge to the thiee-quarter-chord point was
mede with the aid of equations (27) of referente 2.

:

Estimate of religbility of indicisl Tunctions.-'Althoﬁgh the

M
+ M

indicial functions are known exactly in the region 0<s8< T the

reliability of these functions for values of 8 > is question-~

able since the oscillatory coefficients at the high reduced frequencies,

which were used in determining the indicial function in this region,
have been determined only approximately. An estimate of the reliability

of the indicial functions in this region due to the errors in the oscil-i

latory coefficients at the high reduced frequencies could be made on
the basis of the differences which exlst between the approximate solu-
tion (based on the oscillatory coefficients) and the exact solution

(based on ref. 6) of the indicial functions in the reglon 0 <s & 12T -

Since the oscillatory coefficients at the high reduced frequencies
principally affect the beginning portion of the function kj(s), the
differences between the approximate and exact solutions in this region
should give a reasonable and conservative estimate of the errors
incurred in the indicial functions for larger values of s.

-
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In appendix B, a chart (see fig. 8) is obtained for indicating the
variation of errors in the indicisl functions with airfoil travel s '
due to the errors in the in-phase oscillatory coefficients at the high
reduced frequencies. "Although figure 8 indicates the errors in only
the indicial 1ift function kl(s), the results in this figure are also
applicable for the other indicial functions. Inspection of figure 8
for kp =1 indicates that the maximum error in the indicial function
occurs within g quarter of a chord regardless of the. position of the
maximum error occurring in the in-phase oscillatory coefficients (as
indicated by several values of k). Since s = 0.5 lies within the
g < M

=1l+M
that the greatest errors in the indicial functions occur in this region
and that errors beyond this point approach zero very rapidly. The
largest differences hetween the indicial functions determined from the
oscillatory coefficients and by the method given in reference 6 in the

region O § for M =0.5 and M= 0.6, it may be expected

were found to be less than 1.5 percent for

region 0 <s < T
= T1+

M=0.5 and M= 0.6. Thus, it appears from figure 8 that the largest

errors in the indicial functions beyond the point s = are much

l1+M
less than 1.5 percent and appear to approach zero very rapidly for
increasing values of airfoil travel s. .

Effects of discrepancies between data of reference 7 and those of
present investigation on indicial functions.- Just prior to completion
of this paper oscillatory lift and moment coefficients which cover g
larger range of reduced frequencies than that consldered by Dietze and
Schade were published (see ref. 7). In figures 9 and 10 a comparison
is shown of the in-phase coefficients used in the present analysis
with those obtained from reference 7. For the range of reduced fre-
quencies 0 £ k £ 2.5, the data agree within approximately 3 percent.
However, for k > 2.5 the differences tend to become larger than
3 percent in some cases.

Consideration of the over-all effect of the discrepancies shown
in figures 9 and 10 indicates that these differences would result in
a maximum error of 3 percent in the indicial functions. This amount
of error does not appear serious, and in view of the few data avaeil-
able from reference T, recomputation of the indicial function does
not appear worthwhile. It might be noted that the data of Dietze and
Schade agree better mutually than with the data of reference 7. The
reason for these discrepancies is not known; consequently, the selection
of the most accurate oscillatory coefficients is still questionable.
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_ CONCLUDING REMARKS - .

From gpproximate expressions for the in-phase oscillatory coeffi-

clents determined for the high reduced frequencies and with a knowledge

of the existing data at the low reduced frequencies, the indicial lift
and moment functions have been determined for. sinking and pitchlng
motion at Masech numbers M of 0.5 and 0.6.° :

The indicial 1ift function due to penetration of a sharp-edge gust,

is determined for M = 0.5, M = 0. 6 and M = 0.7 Tfor an extensive
range of airfoil travel. Inspectlon of these functions indicates that
not only is the growth of lift to the steady state less rapid as *the
subsonic Mach number is increased but also the magnitude of 1lift in
the beginning portion is less '

Langley Aeronautical. Laboratory,
National Advisory Committee for Aeronautics,
Langley Field, Va., April 15, 1952,
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APPENDIX A

DETERMINATION OF INDICIAL LIFT FUNCTION ko(s) DUE TO PENETRATION

2M
1 +M

OF A SHARP-EDGE GUST FOR 0< s <

In reference 6 a method is outlined for determining the subsonic
indicial 1ift functions for & sinking airfoil. However, 1f the boundary
conditions for the perturbation veloclty due to the penetration of a
gust are substituted for the perturbation velocity due to sinking motion,
the function kp(s) can be obtained. Because of the complexity of the
problem arising after the Mach forecone intersects the trailing edge,

The boundary

M
the analysis is made only for the region O 5 s S R,

condition for the gust velocity U differs from the boundary condition
of the sinking airfoil in that there is no perturbation velocity on the
part of the airfoil left unshaded in the following sketch:

le——— ¢ ——>

9\ @ S¢= 2
C) . Ai 1+M
7
/
/

Bl6 <
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If as in reference 6 the axes In the. precedlng sketch are transformed
by the relations N

/

then the geometry can be .represented.by o o ' "

N = -

The expression for the pressure coefficlent ‘Cp can be written in B
terms of the §&,n coordinate system as follows, where the subscripts
indicate .the region for' which the particulatr eguation applies:

Cpy =0 T i (A1)

" an ,
Cpp = o=+ = (A2)
w2 < >fi+ﬁ VE - 51‘[51 yn - 1

Here it mlght be noted that equation (A2) differs from the corresponding
equation in reference 6 only by the lower 1imit of the last integral
since this integration extends over only that part of the w1ng which

has penetrated the gust: '
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Evaluation of equations (Al) and (A2) gives

Cp, = O ' (a3)
SC .
¢ . _8M_ [m-* (ak)
P2 w(l + M) _s_éc_:_ + X . '

and the expression for the indicial function kp(s) becomes

e -BS
SC/% c 2
1 / M
onks(s) = & C, dx + = Cpo. dx 0<s<
2 €[ -sc/2 . P2 °J se/om 1 ( 1+

(45)

or

&

kp(s) = 2 | @sss_ 2 )(Aé)
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APPENDIX B

INVESTIGATION OF ERRORS -IN INDICIAL FUNCTION DUE TO ERRORS IN IN-PHASE
OSCILIATORY COEFFICIENTS AT HIGH REDUCED FREQUENCIES

Consider the following reciprocal relation for the 1ift due to
sinking velocity: '

Ky (s) =.;2r-._/; E-C(—k)ii—n_—ksdk E - (BL)

It is assumed that Fo(k) is known for values of O g k £ kg; however,
for values of k > ky an error in the F.(k) function is assumed of
the following form:

Fc(k)error = i-€°°( - ':kiq (32)

where ¢, 1s the magnitude of the error at k = w:

00

F. (k)
A
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If equation (B2) is substituted into equation (Bl), an expression for
the error in the kj(s) function may be obtained as follows:

T
t = kl(s)errdr.=

foo €m< - Ek.;:)sin ks .
ko .

em[g - sin ks - Si(kgs) + kos Ci(koS)} (83)

where Si(x) and Ci(x) are tabulated in Jahnke and Emde (ref. 9).

If the value of F (w) is known and if the maximum error is
assumed to occur gt some arbitrary point kkg (where k> 1), two
error functions of the type given by equation (B2), where one is dis-
placed from the point ko by an amount kky, may be superposed such

that the value of Fc(m) = 0 as illustrated in the following

sketch:
Fe(k)

A

error

Finsgl approximstion

Actual curve

l

|

|
ko kKo

The value of the maximum error which occurs at k = kky can be
expressed in terms of €, as follows:

€max = e,,,( - %) (BL4)
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The corresponding expression for the error in the function ki (s) due

to the total error in the function F.(k) shown in the preceding sketch
is

T 2empx

I k1 (8)error = E’§”I[EQB Ci(kps) ;;;K%Q_Qi(ﬁkbs) + s;(;kos)j-

Si(kps) + sin(kkps) -~ sin(kosi] ' (B5)

A plot of equation (B5) as a function of kps  1is shown in figure 8 _
for several values of the parameter k. Thus, for a maximum error €pgx

in the Fc(k) function at eny point kg < kkg < ©, an estimate of the

corresponding error in the function kj(s) can be obtained from
figure 8.

i1

N



NACA TN 2739 ; ' 23

8.

9.

REFERENCES

Mazeleky, Bernard: Numericael Determination of Indicial Lift of a
Two-Dimensional Sinking Airfoll at Subsonic Mach Numbers From
Oscillatory Lift Coefficients With Calculations for Mach Number O.7.
NACA TN 2562, 1951.

Mazelsky, Bernard: Determination of Indicial Lift and Moment of a
Two-Dimensional Pltching Airfoil at Subsonic Mach Numbers From
Oscillatory Lift Coefficients With Numerical Calculations for a
Mach Number of 0.7. NACA TN 2613, 1952.

Dietze, F.: The Air Forces of the Harmonically Vibrating Wing in a
Compressible Medium at Subsonic Velocity (Plane Problem). Part II:
Numerical Tebles and Curves. Translation No. F—TS-9h8-RE, Air
Materiel Command, U. S. Air Force, March 194T. T

Schade, Th.: Numerical Solution of the Possio Integral Equation of

the Oscillating Aerofoil in a Two-Dimensional Subsonic Flow.
Part IV - Numerical Part. Reps. and Translations No. 846, British
M.A.P. V&lkenrode, Feb. 1, 194T.

Possio, Camillo: L'Azione aerodinamica sul profilo oscillante in
un fluido compressible ,a velocitd iposonora. LtAerotecnica,
vol. XVIII, fasc. U4, April 1938, pp. 441-458.  (Available as
British Air Ministry Translation No. 830.)

Lomax, Harvard, Heaslet, Max. A., and Sluder, Loma: The Indicial
Lift and Pitching Moment for a Sinking or Pitching Two-Dimensional
Wing Flylng at Subsonic or Supersonic Speeds. NACA TN 2403, 1951.

Timman, R., Van de Vooren, A, I., Greidanus, J. H.: Aerodynamic
Coefficients of an Oscillating Airfoil in Two-Dimensional Subsonic
Flow. Jour, Aero. Sci., vol. 18, no. 12, Dec. 1951, pp. 797-802.

Jones, Robert T.: The Unsteady Lift of & Wing of Finite Aspect
Ratio. NACA Rep. 681, 1940.

Jahnke, Eugene, and Emde, Fritz: Tables of Functions With Formulae
and Curves. Rev, ed., Dover Publications (New York), 1943.



NACA TN 2739 B

TABLE I - e et
BUMMARY OF RECIPROCAL RETATIONS FOR LIFT ARD MOMENT DUE TO SINXING

AND PITCHING MOTIOM IN SUBSONIC FLOK. - . _u
.
¥otion | .  Disgrem . - Reciprocal relations _ D”m";\ﬁégﬁ?““‘l Definition of cacillatory coefficient
et -
, .
T

X (s) -%h/;tﬂk):ﬂdk

L(a) = -wcl‘)‘é;g Xy (8) [L(s) - -mcvau"h(-ihk)ﬁ‘g(k) + m.,(hﬂ '.
EEEC -rc(o},f%fo folbleos ks o |. - s
) : Y . x=
Sinking T T Moxentl
he/2 : : e ea . Wt s LB
v n .. i -
- : . .
¢ my(s) = 2 Uk)ein ks ay L -
1 x
0 k . .. - b
' _ bi(s) = et B wi(o) | (o) = e = (o) [ix) » 0] | .
* H(x)cos xs : - s
u3(s) -u(o)_aéj; —(-).":'_u : .
‘ . - e
: F
Lige ) . . : o iy
: = i T S T o _ . £ R
’ 2 [Tr(x)ain xs =
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’ S, ax
- L(s) = -mcT2my(s) | L(a) = -mov20e 3R (x) + 10(x]] R
‘ y - . ’ .‘I‘; e EL
e i
i — — - S i
g . Homangl . - . o
) =2 [ H(Ksin ' : : L=
nie) -3 Mign e o | .
’ i H(s) = mczfé;ml(n) K(s) = mci’v?ee’.hﬁ(k) + ﬂ!(kﬂ ) ' N
. T ‘ ‘ ml(l)-H(O)'%‘%;‘/;-N coklkl & N . . -
Pitching Lige , '

g [* Peg(k)sin i
qu(a) - %j; _‘L_E_ak

o) = —mevPedy (s) fL(s) = .m\ﬂzueemﬁcq(x) + mc‘(k]

) Bl . e (K)ccs 12

F{XCRENCREY | g

N - ) L
é‘ Nomenl
z N - . s —
m, (s) = 5‘/: 5—‘—‘—(.1‘)”'" L™ .

- A . . H(s) = ’\'0‘:2‘.@.2;!1‘(!) ;((l) - mc"’v"’aikﬁquq(x) " “l(k)] g o -

s : I Ilq(l)'- H(0) + %j;;ﬁ(k_)mrk!dk ) ) . ‘ ~ ::_j E

IMocent takean sbout quarter—chord point, - - ’ - - . . "; -
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oscnmomcmmsmmmmmmmmsmm

PITCHING MOIION AT M = 0.5 AND M = 0.6

Fo(k) for - | -Go{k) for - ch(k) for - -ch(k) for - H(k) for - ~N(®) for - AMy(x) for - ~Hg(k) for -
Refexence| X -

M= 0.5|M = 0.6/M = 0.5|M = 0.6 M=05M=0.6M=0.5M4=06UHm05|M=06]|H=0.5|W0.6 |H=m0.5Mu=u06Mu053{n0b

1and 2 1.15%7 [3.2%00 |0 o} 0.8560 |0.9373 |0 0 0 0 0 0 0, 07217 (0. 07812 |0 o
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so| .ou7 | 6085 |-.03750|.. 002200 k708 | .¥756 | .052h3| .08808| .01260 0232k | .0Bos0 .09020 | .08310 .09768| .ok652 | .pHES0
60| .65 | 667 |-.0050|-.05383 | .hekn | L6605 | .omkod| 066k6| 01675 <| .om2 | Logk6T | L1067 | 086k .10k2 | o508 | .05627
0| .69 | 6804 |-.1502 [-.00836 | .ugkk | Jn6go ook 03831 | . 02200 .ob1m0 | L1130 | .28k | .ooohy| L1105 | .08357 | 06386
N .80| .6619 | 6992 |-.2004 [-.137T | .4665 | .BTO7 |-.02102| .03683] .02737 ..05116 L1293 | L1hog. | .09383| .1165 | .OTI92 | .06
00| .05 .'_7636 -.2928 |-.1800 | .4861 | 4830 |-.05603| .02883| .ohko5 | 08590 | 163 | .1727 | 2057 | .136h | .0888% | 07806
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Dy

6€L2 NI VOWN

Gz




TARLE IIT
-7 (k-1) ~ap(k-1)
COEFFICIENTS IN EXPONENTIATL APPROXIMATION alke + aeke FOR

~ OSCILILATORY LIFT AND MOMENT 'FUNCTIONS AT HIGH REDUCED

FREQUENCIES FOR M = 0.5 AND M = 0.6

92

ay for - as for - ay; for - oo for- -
Oscillatory
function
M=0.5 |[M=0.6|M=0.5|M=0.6|M=0.5|M=0.6M=0.5|M=0.6
£(k) -0,003203 | -0.1566 |0.5595 |o0.14075 { 0.200 | 1.000 | 1.67 | 3.150
m(k) ~.07520 -.02003| .3495 .1994 .385 .001 | 1,256 2.056
£ (k) -.06812 | © .08248 | .o4665 .58 0 3.155 | 1.100
mg(k) .11575 | .O0BL10 | .04375( .003572[ 1.175 | 1.400 | 2.560 | 26.000
W
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COEFFICTENTS IN EXPRESSION by + bye -

TABLE IV

+ bee-

® 4
+ 3&

38

THE INDICTAL LIFT AND MOMERT FUNCTIONS AT M = 0.5, 0.6, AND 0.7

FOR AFPROXTMATING

Indicial Mach b b b b B

function number 0 1 2 3 1 52 B3

: 0.5 1.155 -0. 406 -0.2k9 .TT73 0.0754 | 0.372 1. 890

ky(s) .6 1,250 - 452 -.630 .893 . 0646 481 .958

. T 1.%00 -.5096 ~.567 . 5866 0536 | .357 .902

.5 0 .0557 | -1.000 L6263 | 2.555 3.308 6.09

my (s ) .6 0 -.100 -1.502 .336 1.035 4,040 | 5.Q22
T 0 -.2425 .08k | -.069 .97k .668 438

-5 0 0 -2.68 362 | emeeem k.08 4, 90

.6 0 0 0 2653 | amemmm | mman 1.345

(qu>3°/ () 7 | a -.083 -.203 | .14 | .80 | 1.565 | 2.
.5 -.0721 -.248 .522 2879 | 1.562 2.348 6. 605
(?1 ) h(s) .6 -.0781. | -.077 .380 .2469 .551 2.117 %.138
q/3¢/ 7 -.0875 | -.00998| .1079| -.02920| .1865 | i.141 | %.oh

.5 1.155 -.450 -.470 | -.235 0716 .37k 2.165

ko (s) .6 1.250 -.k10 -.538 | -.302 0545 | .257 | L.k61

T 1,400 -.563 -.645 .192 0542 L3125 | 1.h74
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Figure 1.- Comparison of indicial 1ift functions due to a sudden éha.nge
in sinking velocity or pitching displacement for several subsonic

Mach numbers.
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- ==~ AOPrOXIMOle expre ssion
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Figure 2.- Comparison of indicial moment fumctions due to a sudden
change In sinking velocity or pltching displacement for several
subsvnic Mach numbers. (Moment taken about quarter-chord point.)
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Figure 3.- Compariscn-of indicial 1if£ functlions due to a sudden change
in pitching velocity for an airfoil rotating about its leading edge
for several subsomnic Mach numbers.
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Figure 4.- Comparison of indicisl moment functions due to a sudden
change in pitching velocity for an airfoil rotating about its
leading edge for several subsonic Mach numbers. (Moment taken

about quarter-chord point.)
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Figure 6,- Comparison of indicial moment functions due to a sudden
change in pitching velocity for an airfoll rotating sbout 1ts
three-quarter-chord point for several subsonic Mach numbexrs.
(Moment taken sbout quarter-chord point.)
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Figure T7.- Comparison of the indicial 1lift functlons due to penetration
of a sharp-edge gust at several subsonic Mach numbers.
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Figure 9.- Comparison of in-phase osclllatory 1ift coefficients used
present analysis with coefficients determined from reference 7.
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Figure 10.- Comparison of in-phase oscillatory moment coefficients used
in present analysis with coefficients determined from reference T.
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